A b s t r ac t . We define a Schur-Clifford subgroup of Turull's Brauer-Clifford group, similar to the Schur subgroup of the Brauer group. The Schur-Clifford subgroup contains exactly the equivalence classes coming from the intended application to Clifford theory of finite groups. We show that the Schur-Clifford subgroup is indeed a subgroup of the Brauer-Clifford group, as are certain naturally defined subsets. We also show that this Schur-Clifford subgroup behaves well with respect to restriction and corestriction maps between Brauer-Clifford groups.
I n t ro d u c t i o n
The Brauer-Clifford group has been introduced by Turull [11, 12] to handle Clifford theory in finite groups in a way that respects fields of values and other rationality properties of the characters involved. Let κ : G → G be a surjective homomorphism of finite groups with kernel N G. In other words,
to (ϑ, κ) and F. We call this the Brauer-Clifford class of the pair (ϑ, κ) over F. This element determines in some sense the character theory of G over ϑ, including fields of values and Schur indices over the field F [11, Theorem 7.12] .
In this paper, we consider the subset of BrCliff(G, Z) that consists of elements that come from this construction. To make this more precise, we need the fact that the Brauer-Clifford group is a covariant functor in the second variable. This means that if α : R → S is an homomorphism of G-rings, then there is a corresponding homomorphism of abelian groups α = BrCliff(G, α) : BrCliff(G, R) → BrCliff(G, S).
If α happens to be an isomorphism, then α is an isomorphism, too.
For a fixed commutative G-algebra Z over the field F, we define SC (F) (G, Z) as the set of all α ϑ, κ, F such that (ϑ, κ) is a Clifford pair over G and α : Z(ϑ, κ, F) → Z is an isomorphism of G-algebras. In short,
SC
(F) (G, Z) := {α ϑ, κ, F | Z(ϑ, κ, F) ∼ = Z via α}.
Of course, for the wrong Z, it may happen that SC (F) (G, Z) is empty. If not, we call SC (F) (G, Z) the Schur-Clifford subgroup (over F) of the Brauer-Clifford group BrCliff(G, Z). The main result of this paper justifies this name:
Theorem A. If Z ∼ = Z(ϑ, κ, F) for some Clifford pair (ϑ, κ), then SC (F) (G, Z) is a subgroup of BrCliff(G, Z).
With respect to the Brauer-Clifford group, the Schur-Clifford subgroup is the same as is the Schur subgroup [13] with respect to the Brauer group.
We will usually write SC(G, Z) instead of SC (F) (G, Z). This is justified by the following result:
Finally, we mention the following: Assume that Z ∼ = Z(ϑ, κ, F) for some Clifford pair (ϑ, κ) over G. Then it is known that Z ∼ = F(ϑ) × · · · × F(ϑ) is a direct product of isomorphic fields and that G permutes transitively the factors of Z. Let e ∈ Z be a primitive idempotent and let H G be its stabilizer in G. Thus K = Ze ∼ = F(ϑ) is an H-algebra. Then Turull [11, Theorem 5.3] has shown that BrCliff(G, Z) ∼ = BrCliff(H, K) canonically.
Theorem C. In the situation just described, the canonical isomorphism

BrCliff(G, Z) ∼ = BrCliff(H, K)
restricts to an isomorphism
SC(G, Z) ∼ = SC(H, K).
We mention that it is not particularly difficult to see that the map BrCliff(G, Z) → BrCliff(H, K) maps SC(G, Z) into SC(H, K) (Replace (ϑ, κ) by (ϑ, π), where π is the restriction of κ to κ −1 (H)). The proof that every class in SC(H, K) comes from a class in SC(G, Z) is more complicated and involves a construction using wreath products.
The proofs are organized as follows: First, we prove Theorem A and Proposition B in the case where Z is a field. (This is done in Sections 5 and 6. In Sections 2-4 we review the necessary definitions and background we need, and define the Schur-Clifford group.) Then, in Section 8, we prove Theorem C in the sense that we show that the set SC(G, Z) and the subgroup SC(H, K) correspond under the canonical isomorphism of Brauer-Clifford groups. This then implies that Theorem A and Proposition B are true for arbitrary Z. In Section 7, we show that the Schur-Clifford group behaves well with respect to restriction of groups (this yields the easy part of Theorem C). In the more technical Section 9, we consider the relation of the Schur-Clifford group to the corestriction map as defined in our paper [7] . This will be needed in forthcoming work, but is included here since the proof is similar to that of Theorem C, and we can use some lemmas from this proof. Finally, in the last section, we describe the Schur-Clifford group SC(G, F), when G acts trivially on F, in terms of the Schur subgroup and a certain subgroup of H 2 (G, F * ), which has been studied by Dade [2] . Based on this special case, we propose a conjecture.
R e v i e w o f t h e B r au e r -C l i f f o r d g ro u p
The Brauer-Clifford group was first defined by Turull [11] for commutative simple G-algebras. Later, he gave a different, but equivalent definition [12] . Herman and Mitra [4] have shown how to extend the definition to arbitrary commutative G-rings, and that the Brauer-Clifford group is the same as the equivariant Brauer group defined earlier by Fröhlich and Wall [3] .
Let G be a group. A G-ring is a ring R on which G acts by ring automorphisms. In this paper, "ring" always means "ring with one" and "ring homomorphism" always means "unital ring homomorphism". We use exponential notation r → r g (r ∈ R, g ∈ G) to denote the action of G on R. A G-ring homomorphism (or homomorphism of G-rings) is a ring homomorphism ϕ : R → S between G-rings such that r g ϕ = (rϕ) g for all r ∈ R and g ∈ G. Let R be a commutative G-ring. A G-algebra A over R is a G-ring A, together with an homomorphism of G-rings ε : R → Z(A). In particular, A is an algebra over R. We usually suppress ε and simply write ra for (rε) · a. A G-algebra A over the commutative G-ring R is called an Azumaya G-algebra over R if it is Azumaya over R as an R-algebra. We will only need the cases where R is a field or a direct product of fields. If R is a field, A is Azumaya over R iff A is a finite dimensional central simple R-algebra. If R is a direct product of fields, then A is Azumaya iff the algebra unit induces an isomorphism R ∼ = Z(A), and for every primitive idempotent e of R, the algebra Ae is central simple over the field Re.
If A and B are Azumaya G-algebras over the G-ring R, then A ⊗ R B is an Azumaya G-algebra over R.
The Brauer-Clifford group BrCliff(G, R) consists of equivalence classes of Azumaya G-algebras over R. To define the equivalence relation, we need some definitions first. Let R be a G-ring. The (skew) group algebra RG is the set of formal sums
which form a free R-module with basis G, and multiplication defined by gr·hs = ghr h s and extended distributively. Let R be commutative and P a right RG-module. Then End R (P ) is a G-algebra over R. If P R is an R-progenerator, then End R (P ) is Azumaya over R. (Note that any finitely generated non-zero R-module is an R-progenerator if R is a field.) By definition, a trivial Azumaya G-algebra over R is an algebra of the form End R (P ), where P is a module over the group algebra RG such that P R is a progenerator over R.
Two Azumaya G-algebras A and B over the G-ring R are called equivalent, if there are trivial Azumaya G-algebras E 1 and E 2 such that
In other words, A and B are equivalent, if there are RG-modules P 1 and P 2 which are progenerators over R and such that
The Brauer-Clifford group BrCliff(G, R) is the set of equivalence classes of Azumaya G-algebras over R together with the (well defined) multiplication induced by the tensor product ⊗ R . With this multiplication, BrCliff(G, R) becomes an abelian torsion group [12, Theorem 6.2, 4, Theorem 5].
T h e S c h u r -C l i f f o r d G ro u p
Let (ϑ, κ) be a Clifford pair, as defined in the introduction. Recall that this means that there is an exact sequence of groups
and that ϑ ∈ Irr N . In this situation, G ∼ = G/N acts on the set Irr N of irreducible characters of N . Moreover, G acts on Z(CN ), the center of the group algebra. Recall that with every ϑ ∈ Irr N there is associated a central primitive idempotent
The actions of G on Irr N and Z(CN ) are compatible in the sense that (e ϑ ) g = e ϑ g . Let F C be a subfield of C. Let Γ := Gal(C/F) be the group of all field automorphisms of C that leave every element of F fixed. (For our purposes, C can be replaced by any algebraically closed field containing F, or by a Galois extension of F that is a splitting field of G.) Then Γ acts on Irr N by ϑ α (n) = ϑ(n) α and on CN by acting on coefficients. Again, these actions are compatible in the sense that (e ϑ ) α = e ϑ α . Observe, however, that if we view ϑ as a function defined on CN , then
Since the actions of Γ and G commute, we get an action of Γ × G on Irr N respective Z(CN ).
We write
Thus e ϑ,F is the central primitive idempotent of FN associated to ϑ, and FN e ϑ,F the corresponding simple summand. It is well known that Z(FN e ϑ,F ) ∼ = F(ϑ): an isomorphism is given by restricting the central character G is a primitive idempotent in (Z(FN ) )
It is the sum of the idempotents corresponding to irreducible characters in the (Γ × G)-orbit of ϑ. Following Turull [11] , we define
This is called the center algebra of (ϑ, κ) over F. It is a commutative G-algebra over F, and a direct sum of the algebras Z(FN (e ϑ,F ) g ) ∼ = F(ϑ). These summands are permuted transitively by the group G. Thus
is simple in the sense that it has no nontrivial G-invariant ideals. The center algebra depends only on the Γ × G-orbit of ϑ, where Γ = Gal(C/F).
Turull [11] has also shown how to associate an equivalence class of simple G-algebras with center Z(ϑ, κ, F) to the triple (ϑ, κ, F). Namely, let V be any non-zero F G-module
This defines an isomorphism of G-algebras Z(ϑ, κ, F) ∼ = Z(S). The equivalence class of S in the Brauer-Clifford group BrCliff(G, Z) depends only on (ϑ, κ, F), not on the choice of the F G-module V [11, Theorem 7.6] . We write ϑ, κ, F to denote this element of the Brauer-Clifford group, and call it the Brauer-Clifford class of (ϑ, κ) over F.
3.1. Definition. Let S be a G-algebra, with F ⊆ Z(S) G . We call S a Schur G-algebra over F, if there is a Clifford pair (ϑ, κ : G → G) and a ϑ-quasihomogeneous
This means in particular that S ∈ ϑ, κ, F . This definition is not completely analogous to the definition used in the theory of the Schur subgroup of the Brauer group [cf. 13] . Recall that a central simple algebra S over a field K is called a Schur algebra if S is isomorphic to a direct summand of the group algebra KN of some finite group N . In the situation above,
n , where the U i are simple FN -modules which are conjugate in G.
FN (e ϑ,F ) G are Morita equivalent. We mention that one can show that in fact every G-algebra in a Brauer-Clifford class ϑ, κ, F is a Schur G-algebra over F, if the class contains one Schur algebra.
3.3. Definition. Let Z be a commutative simple G-algebra, and assume Z ∼ = Z(ϑ, κ, F) for some Clifford pair (ϑ, κ). The Schur-Clifford Group of Z is the set of all equivalence classes of central simple G-algebras over Z that contain a Schur G-algebra over F. We denote it by SC (F) (G, Z) or simply SC(G, Z). In other words,
Omitting the field F from the notation will be justified once we have proved Proposition B from the introduction.
Our aim is to show that the Schur-Clifford Group SC(G, Z) is indeed a subgroup of the Brauer-Clifford Group.
It will be convenient to have a definition of a restricted Schur-Clifford group, where not all pairs (ϑ, κ) are allowed. For example, we could consider only pairs where the kernel of κ is contained in the center of G.
3.4.
Definition. Let G be a finite group and Z a commutative simple G-algebra over F. Let X be a class of Clifford pairs. Then
Of course, depending on X , SC X (G, Z) might not be a subgroup of the BrauerClifford group.
. Every simple G-algebra S over C is isomorphic to a matrix ring M n (C) and defines a projective representation G → S * . By the classical theory of Schur, the projective representation can be lifted to an ordinary representation G → S * , where G has a cyclic
where C denotes the class of pairs (ϑ, κ), where Ker κ is a central cyclic subgroup.
It is also known that there is a central extension
such that every projective representation of G can be lifted to an ordinary representation of G. The group G is then called a Schur representation group. Thus for
S e m i -i n va r i a n t C l i f f o r d pa i r s
Let (ϑ, κ) be a Clifford pair and F ⊆ C a field such that Z(ϑ, κ, F) is a field. By the remarks above on the center algebra, this means that (e ϑ,F ) G = e ϑ,F is invariant in G or G (where, as before, κ : G → G). In this case, we say that ϑ is semi-invariant in G over F. We also say that (ϑ, κ) is a semi-invariant Clifford pair over
Thus F(ϑ) can be viewed as a G-ring. Note that a Galois conjugate ϑ σ of ϑ yields the same homomorphism, since Gal(Q(ϑ)/Q) is abelian.
When considering the Schur-Clifford group of a field Z with G-action, it is thus natural to assume that Z = E is a subfield of C (or any algebraically closed field of characteristic zero fixed in advance and in which all characters are assumed to take values). Thus
Let us mention here that the notation SC(G, E), as well as BrCliff(G, R), does not reflect the dependence on the actual action of G on R. A ring may be equipped with different actions of the same group G. In particular, two different semi-invariant Clifford pairs (ϑ 1 , κ 1 ) and (ϑ 2 , κ 2 ) with F(ϑ 1 ) = F(ϑ 2 ) = E may yield elements of different Schur-Clifford groups which are both denoted by SC(G, E). This is due to the fact that it can happen that Z(ϑ 1 , κ 1 , F) and Z(ϑ 2 , κ 2 , F) are not isomorphic as G-algebras, although they are isomorphic fields. In the equation displayed above, we assume that an action of G on E is fixed and that ω ϑ yields an isomorphism of G-algebras from Z(ϑ, κ, F) to E.
P ro o f o f t h e s u b g ro u p p ro p e rt i e s
We work now to show that SC X (G, Z) is a subgroup of BrCliff(G, Z), given some mild conditions on X and Z. We do this first for the case where Z = E is a field. The general case will follow once we have proved Theorem C from the introduction.
Note that when C ⊇ E ∼ = Z(ϑ, κ, F) for some Clifford pair (ϑ, κ), then necessarily E = F(ϑ) is contained in F(ε) for some root of unity ε. The next lemma yields the converse.
Lemma. Let G be a group which acts on the field
Proof. Set Γ = Gal(F(ε)/F). AS Γ is abelian, every field between F and F(ϑ) is normal over F. In particular, Γ acts on E. Since E is a G-algebra by assumption, the group G acts on E, too. We let U be the pullback in
that is,
Let C = ε . The group U acts on C by c (g,σ) = c σ . Let G = U C be the semidirect product of U and C with respect to this action. The map κ : G → G sending (g, σ)c to g is an epimorphism. (The surjectivity follows from the well known fact that every F-automorphism of E extends to one of F(ε).) Let N be the kernel of κ. Then N = AC, where
Set V = F(ε) and define a G-module structure on V by
The map x → ρ x defines an injection of F-algebras E → End FN (V ). Since FC acts as F(ε) on V from the right, End FN (V ) can be identified with a subfield of F(ε) (via the above map x → ρ x ), and since A acts as Gal(F(ε)/E) on V , this subfield is just E.
It remains to show that x → ρ x commutes with the action of G. Remember that for g ∈ G, the endomorphism (ρ x ) g is defined by v → vĝ −1 ρ xĝ , whereĝ ∈ G is some element withĝκ = g. Here we can chooseĝ = (g, σ) with suitable σ ∈ Γ. We get that
where the last equation follows from the fact that (g, σ) ∈ U and thus Proof. Let C = ε , G and V be as in the proof of Lemma 5.1. View the embedding λ : C → F(ε) as linear character of C. The FC-module V = F(ε) affords the character Tr
Irr N , the character of V N contains ϑ as irreducible constituent. This proves the corollary.
In the next result, we only assume that Z is a commutative G-ring and that F ⊆ Z G is a field.
Lemma. If S is a Schur G-algebra over F, then S
op is a Schur G-algebra over
Then α is an isomorphism of G-algebras. In fact, with the same definition one gets an isomorphism from End F (V ) op onto End F (V ) as G-algebras, as is well known. The first part of the lemma follows from this fact.
For the second, recall that when V affords the character χ, then V affords the character g → χ(g −1 ) = χ(g). Thus if ϑ is an irreducible constituent of the character ov V N , then ϑ is an irreducible constituent of the character of (V ) N . The proof is finished.
Our next goal is to show that when a 1 and a 2 ∈ SC(G, Z), then a 1 a 2 ∈ SC(G, Z). For simplicity of notation, we assume again that Z = E is a subfield of C. Let (ϑ i , κ i ) be two Clifford pairs over the same group G such that Z(ϑ 1 κ 2 , F) as G-algebras. We want to construct a Clifford pair (ϑ, κ) such that
be the exact sequence of groups belonging to the Clifford pair (
} be the pullback of the maps κ 1 and κ 2 and let
.
We also write κ 1 × G κ 2 for this map. (G 1 × G G 2 is a usual notation for the pullback G.) Then κ = κ 1 × G κ 2 is surjective, since both κ 1 and κ 2 are, and the kernel is N 1 × N 2 .
Thus we have an exact sequence
We write ϑ 1 ×ϑ 2 for the irreducible character of N 1 ×N 2 defined by (ϑ 1 ×ϑ 2 )(n 1 , n 2 ) = ϑ 1 (n 1 )ϑ 2 (n 2 ). We have now defined a new Clifford pair
over G.
Lemma.
In the above situation, we have
We have to show that
Since E ∼ = Z(FN i e ϑ i ,F ) for i = 1, 2, we can view V i as vector space over E. (The vector space structures depend on the concrete isomorphisms, which we can assume to be given by ω ϑ i , but in fact the arguments to follow work for any choices of isomorphisms E ∼ = Z (FN i e ϑ i ,F ) .)
In this way,
Since E is isomorphic to the centers of the various algebras involved, we have
It is easy to see that this is an isomorphism of G-algebras.
F as was to be shown.
5.5.
Remark. The construction of the Clifford pair (ϑ 1 × ϑ 2 , κ 1 × G κ 2 ) does not depend on the fact that the center algebras of (ϑ 1 , κ 1 ) and (ϑ 2 , κ 2 ) are fields and isomorphic. Without this assumption, one can show the following: The center algebra
The isomorphism type of Z depends on the choice of ϑ i in its orbit under the action of G × Gal(F(ϑ i )/F). This is different from the situation in Lemma 5.4, where
In the general situation, it follows that there are G-algebra homomorphisms
Since we do not need these more general results, we do not pause to prove them.
We are now ready to prove Theorem A for Z = E a field.
Theorem. Let E be a field on which a group, G acts. Suppose E is contained in a cyclotomic extension of F ⊆ E G . Then the Schur-Clifford group SC(G, E) is a subgroup of the Brauer-Clifford Group BrCliff(G, E).
We prove this together with a theorem about restricted Schur-Clifford groups.
Theorem. In the situation of Theorem 5.6, let X be a class of Clifford pairs (ϑ, κ) (over G), such that the following conditions hold:
(a) SC X (G, E) = ∅, (b) When (ϑ, κ) ∈ X , then (ϑ, κ) ∈ X , (c) When (ϑ 1 , κ 1 ) and (ϑ 2 , κ 2 ) ∈ X , then (ϑ 1 × ϑ 2 , κ 1 × G κ 2 ) ∈ X .
Then SC X (G, E) is a subgroup of BrCliff(G, E).
Proof of Theorem 5.6 and 5.7. Recall that SC X (G, E) = { ϑ, κ, F | (ϑ, κ) ∈ X and Z(ϑ, κ, F) ∼ = E}. κ 2 , F) as G-algebras, and Lemma 5.4 yields that
Lemma 5.1 yields that [E] ∈ SC(G, E). Lemma 5.3 yields that when
The conditions in Theorem 5.7 for X are not necessary for SC X (G, E) to form a subgroup. The following is an example:
Corollary. Let C be the class of semi-invariant Clifford pairs (ϑ, κ) such that N = Ker κ is cyclic. Suppose that E = F(ε) for some root of unity ε. Then SC C (G, E) is a subgroup of BrCliff(G, E).
Proof. We begin by showing [E] ∈ SC C (G, E).
The action of G on E = F(ε) yields an action of G on C = ε . Let G = GC be the semidirect product and κ : G → G the corresponding epimorphism with kernel C. View the inclusion C ⊂ E as a linear character λ.
Now let A be the class of semi-invariant Clifford pairs over G such that Ker κ is abelian. By Theorem 5.7 and the preceding paragraph, SC A (G, E) is a subgroup. Pick a Clifford pair (λ, κ) ∈ A with corresponding exact sequence
Since λ is assumed to be semi-invariant over F, it follows that K is normal in G. View λ as character λ 1 of N/K and let κ 1 : G/K → G be the map induced by κ. From the definitions, it follows that λ, κ,
The reverse inclusion is trivial, and thus
6. D e p e n d e n c e o n t h e f i e l d
Lemma. Let (ϑ, κ) be a Clifford pair over G that is semi-invariant over the field
Proof. Let V be a ϑ-quasihomogeneous module over F G, where, as usual, G is the domain of κ and N = Ker κ. Since K is isomorphic to a subfield of Z (FN e ϑ,F ) G , we can view V as a K G-module. Then End KN (V ) = End FN (V ), and the result follows.
Next we prove Proposition B from the introduction for Z = E a field. 6.2. Proposition. Let G be a group which acts on the field E, and let
be a chain of fields, where ε is a root of unity. Then
, and thus also E = K(ϑ), so Lemma 6.1 applies.
Conversely, pick ϑ, κ, K ∈ SC (K) (G, E). The problem is that F(ϑ) may be contained strictly in E = K(ϑ). However, by Lemma 5.1 there is a Clifford pair (ϕ, π) such that
where the second equality follows from Lemma 6.1. We have E = F(ϕ) = F(ϑ × ϕ). Applying first Lemma 5.4, then Lemma 6.1 again, we get
From the proof, we get a statement about restricted Schur-Clifford groups.
Corollary. In the situation of Proposition 6.2, let X be a class of Clifford pairs. Then
SC (F) X (G, E) ⊆ SC (K) X (G, E).
If there is a Clifford pair (ϕ, π) such that [E] = ϕ, π, F and such that
As an example consider the class A of Clifford pairs (ϑ, κ) such that N = Ker κ is abelian. If there is a root of unity ζ such that E = F(ζ), then SC (F)
A (G, E). On the other hand, it may happen that E = K(ζ) for some root of unity ζ, but E over F is not cyclotomic. (Example: F = Q, K = Q( √ 2) and E = Q( √ 2, ζ) where ζ is a primitive third root of unity.) Then SC (F)
is a subgroup of BrCliff(G, E) (see the proof of Corollary 5.8).
R e s t r i c t i o n
Let G and H be finite groups and ε : H → G a group homomorphism. Let R be a G-ring. Then R can be viewed as H-ring and ε induces a group homomorphism BrCliff(G, R) → BrCliff(H, R). Let Z be a commutative simple G-algebra over F. Recall that this means that Z has no non-trivial G-invariant ideal, and that such Z is a direct product of fields which are permuted transitively by G [12, Proposition 2.12]. Then Z may not be simple as an H-algebra (with the notable exception of the case where Z is a field). But if e is a primitive idempotent in Z H = C Z (H), then Ze is simple as H-algebra. The map Z → Ze is an homomorphism of H-algebras and induces an homomorphism of Brauer-Clifford groups BrCliff(H, Z) → BrCliff(H, Ze).
Proposition. Assume the situation just described. Then the induced homomorphism BrCliff(G, Z) → BrCliff(H, Ze) maps SC(G, Z) into SC(H, Ze).
Proof. Let (ϑ, κ) be a Clifford pair over G. Consider
where H is the pull-back of the morphisms κ : Z(ϑ, κ, F) . Conversely, any direct summand of Z(ϑ, κ, F) as H-algebra is of the form Z(ϑ g , ρ, F) for some g ∈ G. Let V be a ϑ-quasihomogeneous module over F G such that S = End FN (V ) is a G-algebra in ϑ, κ, F ∈ SC(G, Z), and let e ∈ Z H be a primitive idempotent. Then V e becomes a module over F H via π :
Since the map BrCliff(G, Z) → BrCliff(H, Ze) sends the equivalence class of S to the equivalence class of the H-algebra Se, this proves the result.
T h e S c h u r -C l i f f o r d g ro u p ov e r s i m p l e G-r i n g s t h at a r e n o t a f i e l d
Let Z be a simple G-ring. Then Z is isomorphic to a direct product of fields which are permuted transitively by the group G [12, Proposition 2.12]. More precisely, let e ∈ Z be a primitive idempotent. Then E = Ze is a field. Let H = G e = {g ∈ G | e g = e} be the stabilizer of e. Then e g e = 0 for all g ∈ G \ H. Choose T ⊆ G with G = · t∈T Ht. Then 1 = t∈T e t is a primitive idempotent decomposition of 1 in Z. Thus
The group H acts on the field E = Ze. We recall the following result [11, Theorem 5.3]:
Proposition. With the notation just introduced, the map sending a G-algebra S over Z to the H-algebra Se over E = Ze defines an isomorphism
BrCliff(G, Z) ∼ = BrCliff(H, E).
We have the following:
Theorem. The isomorphism of Proposition 8.1 restricts to an isomorphism
SC(G, Z) ∼ = SC(H, E).
It follows from Proposition 7.1 that SC(G, Z) is mapped into SC(H, E). The nontrivial part is to show that the restriction SC(G, Z) → SC(H, E) is onto. To do that, we need some facts about wreath products and coset action which we recall now. Choose a right transversal T of H in G, so that G = · t∈T Ht. The action of G on the right cosets Hg defines an action of G on T , which we denote by t • g. Thus for t ∈ T and g ∈ G, the element t • g is the unique element in Htg ∩ T . We may write tg = h(t, g)(t • g) with h(t, g) ∈ H. The map t → t • g is a permutation σ = σ(g) ∈ S T , where S T denotes the group of permutations of T .
The symmetric group S T acts on H T , the set of maps T → H, by (h t ) t∈T σ = (h tσ −1 ) t∈T . The semidirect product of S T and H T is also known as the wreath product of S T and H and denoted by H S T . For every g ∈ G, set
It turns out that the map ϕ :
For later reference, we summarize: One may identify T with Ω = {Hg | g ∈ G} and S T with S Ω , but even then ϕ does depend on the choice of the right transversal T .
Suppose that κ : H → H is a surjective homomorphism with kernel M . We want to construct a group G and a surjective homomorphism G → G, where H G as before. The homomorphism κ yields, in an obvious way, a surjective homomorphism H S T → H S T with kernel M T . We write κ 1 for this homomorphism. We define G to be the pullback of
that is, we set
Since κ 1 is surjective, the canonical homomorphism G → G is surjective and has kernel canonically isomorphic with M T . Thus:
be an exact sequence of groups and suppose H G. Let T and ϕ : G → H S T be as in Lemma 8.3 . Then there exists a group G and an homomorphism κ ⊗G : G → G such that the following diagram is commutative and has exact rows:
The construction depends on the choice of the transversal T . It can be shown that the isomorphism type of the extension in the first row is independent of T . Maybe this justifies the notation κ ⊗G , but otherwise we will not need this. We need another piece of notation. Let Z be a G-ring and W a Z-module, and fix some g ∈ G. We call a Z-module X a g-conjugate of W , if there is an isomorphism of abelian groups α : W → X such that (wz)α = wαz g for all w ∈ W and z ∈ Z. The map α is called a g-isomorphism. Such a conjugate always exists, for example we can take X = W as abelian group and define a new multiplication of Z on W by
denotes the skew group ring. It is not difficult to show that all g-conjugates of a given module W are isomorphic. (This terminology is due to Riehm [8] .)
Proof of Theorem 8.2. That SC(G, Z) is mapped into SC(H, E) follows from Proposition 7.1, as we mentioned already.
Conversely, assume that (ϑ, κ) is a Clifford pair over the group H such that Z(ϑ, κ, F) ∼ = E. Let M be the kernel of κ and H its domain. Let W be a ϑ-quasihomogeneous F H-module and A = End FM (W ). Thus ϑ, κ, F ∈ SC(H, E) is the equivalence class of A. To prove Theorem 8.2, we have to find a Clifford pair over G such that the isomorphism of Proposition 8.1 maps its Brauer-Clifford class to ϑ, κ, F .
In the following, we use the notation of Lemma 8.4. In particular, let κ ⊗G : G → G be the homomorphism of Lemma 8.4 with kernel N := M T . We will show that the isomorphism of Proposition 8.1 maps
The case ϑ = 1 M will be treated separately. First we define an F G-module V . Recall that G = · t∈T Ht. Since E ∼ = Z(ϑ, κ, F), we may view W as an E-module. Via the homomorphism Z → E, we can view W as a Z-module. Since G acts on Z, it makes sense to speak of g-conjugates for g ∈ G.
We now choose a t-conjugate W t and a t-isomorphism γ t : W → W t for every t ∈ T . Every γ t is an isomorphism of vector spaces over F ⊆ E H . Let V be the direct sum of the W t 's:
Every element v ∈ V can be written uniquely as v = t∈T w t γ t with w t ∈ W . The wreath product H S T acts on V by
Using the homomorphism G → H S T , we can view V as F G-module. Let S be a simple G-algebra over Z such that Se ∼ = A = End FM (W ). Every element of S can be written uniquely as t∈T a t t with a t ∈ Se ∼ = A. The algebra S is determined up to isomorphism by this property. (As a module over the skew group ring Z [G] , the algebra S is isomorphic to A ⊗ Z[H] Z [G] .) The algebra S acts on V by
It is routine to verify that this action yields an G-algebra homomorphism S → End FN (V ), and this homomorphism is injective. Next we want to show that it is onto. Here we will need to assume that ϑ = 1.
Let β ∈ End FN (V ). For t, u ∈ T and w ∈ W , there are elements wβ u,t ∈ W such that
This defines maps β u,t :
it follows that wβ u,t m t = wm u β u,t . For u = t this yields β u,u ∈ End FM (W ) = A. For u = t this yields wmβ u,t = wβ u,t = wβ u,t m for all m, m ∈ M . We know that W ∼ = tU for some simple FM -module U , and U is not the trivial FN -module, since we assume ϑ = 1 M . Thus no non-zero element of U is fixed by all of M . It follows that β u,t = 0 for u = t. Thus β = t∈T (β t,t ) t ∈ S. We have shown that S ∼ = End FN (V ). Since S ∼ = End FN (V ) is a simple G-algebra, it follows that V is quasihomogeneous over some character in Irr M T . Now W 1 = W is a direct summand of V as FN -module, and the action of (m t ) t∈T on this summand is given by w(m t ) t = wm 1 . Since ϑ is a constituent of the character of
In the remaining case where ϑ = 1 M is the trivial character, it follows that M acts trivial on W and we may view W as an FH-module. Thus A ∼ = M t (F) for some t ∈ T and F = E. Then A is equivalent to the trivial H-algebra E. We need to show that Z = × t∈T E is a Schur G-algebra, where G acts simply by permuting the factors.
For this, let M be a finite group such that there is a nontrivial, absolutely simple EM -module U . (For example, take a cyclic group of order 2 for M .) Let G = M G be the wreath product with respect to the action of G on T , and N = M First we show that this yields a well defined endomorphism of V . So let w t ∈ W and z ∈ Z, and fix t 0 ∈ T . Suppose
Then u t 0 γ t 0 = w t 0 γ t 0 z and
Applying the definition to the left side yields
where
where the last equation follows from (h t 0 •g κ)t 0 • g = t 0 g, which follows from the fact that σ(h t κ) t∈T = gϕ (see Lemma 8.3) . It follows that
This does not depend on t 0 . Thus multiplication with σ(h t ) t∈T , g yields a well-defined endomorphism of V . Having established this, it is routine to check that we actually have an action of G on V .
Our next goal is to show that End FN V ∼ = S ⊗G as G-algebra over Z. First recall that S ⊗G ∼ = t∈T S ⊗t , where the tensor product is over Z and each S ⊗t is a t-conjugate of S. We define an action of S ⊗G on the module V = t∈T W t by
It is routine to see that this yields a well-defined homomorphism S ⊗G → End FN V of Z-algebras. We claim that it is actually an isomorphism and commutes with the action of G.
The homomorphism is injective, since S ⊗G is simple. We know that
⊗T (tensor product over Z of |T | factors), and so
This shows that the homomorphism above is an isomorphism of Z-algebras.
Finally we have to show that this isomorphism is compatible with the action of G on S ⊗G and End FN V . Let g ∈ G and t∈T s
This finishes the proof. 
where each ϑ t ∈ B.
Proof. Note that B is the orbit of ϑ under the action of Γ×H, where Γ = Gal(F(ϑ)/F). 
But for the applications we have in mind, is is enough to know the weaker statement of Corollary 9.2.
Recall that the Brauer-Clifford group is an abelian torsion group. It is thus the direct sum of its p-torsion parts where p runs through the primes. The same is true for the Schur-Clifford group, if defined. Denote the p-part of an abelian group A by A p . 9.4. Corollary. Let Z be a simple G-algebra over F, P a Sylow p-subgroup of G for some prime p and assume that Z is simple as P -algebra. Then
Proof. By Theorem 6.3 in [7] the composition
A s p e c i a l c a s e a n d a c o n j e c t u r e
The results of this paper suggest that one can carry through a study of the SchurClifford subgroup for various groups G and simple commutative G-algebras Z. For example, we have seen that for Z = C with trivial action of the group G, we have BrCliff(G, C) = SC(G, C) and that SC(G, C) ∼ = H 2 (G, C * ) (Example 3.5). Moreover, every element in SC(G, C) can be realized as the class of a Clifford pair (ϑ, κ) such that Ker κ is a cyclic central subgroup of G, the domain of κ. In a forthcoming paper, we will prove a similar result for arbitrary fields E with G-action, showing that every element in SC(G, E) comes from a Clifford pair (ϑ, κ) such that the normal subgroup Ker κ (which is the domain of ϑ) is cyclic by abelian.
We might also discuss how G and Z bear upon group theoretic properties of SC(G, Z). We discuss now a slightly more general case than the case C. First, observe the following. Given an element of the Brauer-Clifford group BrCliff(G, E), where E is a field on which G acts, we may take its equivalence class in the Brauer group Br(E). This defines a group homomorphism BrCliff(G, E) → Br(E). It is clear that this homomorphism maps the Schur-Clifford group into the Schur subgroup of the Brauer group. (In fact, this is the case H = {1} of Proposition 7.1.)
Turull has shown [10, Theorem 3.12] that the kernel of the homomorphism is isomorphic to the second cohomology group H 2 (G, E * ). In the case where G acts trivially on E = F, Turull has shown [ Proof. The homomorphism β : BrCliff(G, F) → Br(F) maps SC(G, F) into S(F).
Conversely, there is a homomorphism Br(F) → BrCliff(G, F) which is induced by viewing a central simple F-algebra as a G-algebra with trivial action of G. This homomorphism shows that BrCliff(G, F) is a direct product of Br(F) and some other group.
Suppose that ϕ is the character of some group N with F(ϕ) = F, so that ϕ defines an element ϕ of the Schur subgroup S(F). More precisely, there is a FN -module V whose character is a multiple of ϕ, and then End FN (V ) is a central simple F-algebra whose equivalence class defines an element ϕ .
Let G = N × G and κ : G → G be the projection on the second component. We identify N with the kernel of κ. Then (ϕ, κ) is a Clifford pair over G with β ϕ, κ, F = ϕ . It is easy to see that the map ϕ → ϕ, κ, F is the restriction of the map Br(F) → BrCliff(G, F) defined above. The result follows.
Given a Clifford pair (ϑ, κ) over G, on can construct directly a cocycle in Z 2 (G, F * ), and then show that its cohomology class depends only on ϑ, κ, F . This yields an alternative proof of the proposition.
The subgroup A H 2 (G, F) occuring in the last proposition has been studied by Dade [2] . He proved that if m is the exponent of the group A, then F contains a primitive m-th root of unity. For the Schur subgroup of the Brauer group, the same result is true by a result of Benard-Schacher [13 Schmid [9] shows how to associate a cohomology class to a semi-invariant Clifford pair (ϑ, κ) over F in a slightly more general situation. (The assumption is that the Schur index of ϑ over F and the index |G : G ϑ | of the inertia group of ϑ in G are coprime.) Moreover, Schmid shows that F(ϑ) contains a primitive m-th root of unity if this cohomology class has order m [9, Theorem 7.3]. We conclude this paper with the conjecture that Corollary 10.2 is true for all Schur-Clifford subgroups:
